Cross-correlation of two interacting conductors by Goorden, M. C. & Buttiker, M.
ar
X
iv
:0
80
1.
16
31
v3
  [
co
nd
-m
at.
me
s-h
all
]  
28
 M
ay
 20
08
Cross-correlation of two interacting conductors
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We calculate the current cross-correlation for two weakly interacting mesoscopic conductors. Our
derivation is based on the two-particle scattering matrix derived in Goorden and Bu¨ttiker [Phys.
Rev. Lett. 99, 146801 (2007)]. We include the Fermi sea in the leads into the theory and show how
to calculate transport quantities and specifically cross-correlations. We focus on the zero-frequency
current cross-correlation of two chaotic quantum dots and calculate the magnitude of its fluctuations
with the help of Random Matrix Theory.
PACS numbers: 73.23.-b, 73.50.Td, 73.50.Bk
In recent work [1] we analyzed scattering of two elec-
trons moving each in a separate conductor. The two
conductors are in proximity of each other (see Fig. 1).
There is no carrier exchange between the conductors
but possibly interaction through the long-range Coulomb
force. We assume that carriers in the leads are perfectly
screened and thus in the leads they are effectively non-
interacting. However, when both electrons are simultane-
ously inside the conductors, both conductors might have
a net charge affecting electron motion in the other nearby
conductor. The presence of an excess electron in one dot
changes the scattering properties of the electron in the
other. This interaction correlates the two electrons. In
our recent work we presented a discussion of the resulting
correlation in terms of a two-particle scattering matrix.
In the absence of interaction the two-particle scattering
matrix is just a product of single-particle scattering ma-
trices. Weak interaction adds a term to this matrix pro-
portional to the interaction strength and proportional to
the product of the density of states matrices of the two
conductors [1].
The physical observable of interest is the current cross-
correlation between the two conductors. For two parallel
conductors in the Coulomb blockade regime this correla-
tion has recently been measured [2]. Below we present a
calculation of the current cross-correlation for dots which
are connected to leads via quantum point contacts with
several open channels. In such a case, both the Coulomb
interaction within each dot as well as the Coulomb inter-
action between the electrons in the two different dots is
effectively weak [3]. It is then sufficient to find the cur-
rent cross-correlation to leading order in the interaction
strength. Our formulation permits us to treat quantum
interference effects in each conductor using Random Ma-
trix Theory.
However, the two-particle scattering states are not suf-
ficient to find the current cross-correlation between the
two conductors. The incoming state in a transport ex-
periment is fundamentally a many particle state. In the
zero temperature limit each incident state with an energy
in the transport window is occupied with probability one.
Hence it is necessary to demonstrate how a two-particle
scattering matrix is nevertheless an useful object. In this
work we extend our earlier discussion [1] by including the
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FIG. 1: (color online) Two quantum dots coupled via an in-
teraction λQˆIQˆII. The operators a† (c†) create incoming elec-
trons in the scattering states in the left (L) and right (R) leads
of dot I (II), while b† (d†) are similar operators for outgoing
electrons. The dots are biased by voltages V I/II. The leads
have N
I/II
L/R channels.
Fermi sea.
Configurations which can be viewed as two parallel and
separate conductors are of interest in a number of exper-
iments in addition to Ref. [2]. We mention only briefly
the problem of Coulomb drag [4, 5]. Of special interest
are geometries in the quantum Hall regime where sep-
arately contacted edge states might be viewed as sepa-
rate conductors. In adiabatic geometries, over large dis-
tances, edge states do not exchange carriers. Examples
are quantum dots where an inner interfering edge state is
dephased by an outer noisy edge channel [6] or a Mach-
Zehnder interferometer [7, 8, 9, 10, 11, 12, 13, 14] which
interacts with a current carrying edge channel [15, 16]. It
is important to note that these arrangements differ from
the more widely discussed quantum measurement prob-
lem where a conductor, a quantum point contact or a
quantum dot, is used to measure a (charge) qubit since
in the problems of interest here both conductors carry
current. Nevertheless also here one conductor can be
2viewed as the detector testing the transport state of the
other conductor. For some problems, especially if screen-
ing in the two conductors is poor, it might be necessary
to go beyond the weak interaction limit and beyond an
approach based on two-particle collisions. Indeed some
works [15, 16, 17, 18, 19] investigate many particle scat-
tering processes to account for the experimental observa-
tions.
In the future it will certainly be possible to inject sin-
gle carriers into scattering states and guide them toward
a region where they interact. The two-particle scattering
matrix would then be the obvious object to describe such
a scattering experiment. Single-particle injection can be
achieved by replacing electron reservoirs by single elec-
tron devices (pumps) in the Coulomb blockade regime or
by mesoscopic capacitors [20, 21] subject to large ampli-
tude pulses [22, 23]. The latter have the advantage that
carriers with well-defined energy are injected.
Our interest is in two-particle effects with the two par-
ticles located in separate conductors, but two-particle
processes within one conductor have also been inves-
tigated [24]. In this case, even in the absence of in-
teractions, indistinguishability of carriers leads to ex-
change interference effects in correlations [25]. In par-
ticular in non-interacting systems shot noise is a probe
of two-particle physics [25]. Indeed there exist geometries
which permit an explicit demonstration of statistical two-
particle correlations: a geometry in which conductance
exhibits no Aharonov-Bohm effect but current correla-
tions exhibit a two-particle Aharonov-Bohm effect was
proposed and analyzed in Ref. [26] and recently experi-
mentally demonstrated in Ref. [27]. In a non-interacting
system a correlated N-particle scattering event requires
the observation of a N-th (or higher) order cumulant of
a current correlation [28, 29]. In contrast such a con-
ceptually appealing hierarchy does not exist in interact-
ing systems. For some time, the properties of interacting
two-particle states have been of interest in disordered and
chaotic systems [30]. Here it seems possible that at least
for certain scatterers (isolated dots) one can go beyond
the two-particle, weak interaction approach and discuss
an N-particle scattering matrix [31, 32]. However these
discussions [30, 31] do not include a Fermi see. In impu-
rity problems [33, 34, 35] where one deals with a Fermi
sea, it is often not possible to give scattering states ex-
plicitly.
Below we present the model and give the main results
for the two-particle scattering matrix from our previous
work (Section I). Inclusion of the Fermi sea is discussed in
Section II and a general expression for cross-correlations
is derived in Section III. In Section IV we focus on the
zero-frequency current cross-correlation and in Section V
we investigate the case of two cavities with many channel
contacts and evaluate the cross-correlation with the help
of Random Matrix Theory.
I. MODEL
The type of system we consider is depicted in Fig. 1.
Two scatterers are both coupled to two non-interacting
leads. The derivation in this paper is valid for any scat-
terer, but we will refer to them as quantum dots. The
first (second) system has N IL (N
II
L ) channels in the left
lead , N IR (N
II
R ) channels in the right lead and the sum
is denoted by N I/II = N
I/II
L +N
I/II
R . The dots are biased
with voltages V
I/II
L /V
I/II
R in the left/right leads. We de-
fine voltage differences V I/II = V
I/II
L − V I/IIR . We denote
by a†i (E) (b
†
i (E)) the creation operator for electrons in
the ingoing (outgoing) scattering state in channel i with
energy E. The index i ∈ 1 . . .N IL refers to a channel in
the left lead, while i ∈ N IL + 1 . . .N I signifies that the
channel is in the right lead. The equivalent operators for
the second dot are denoted by c†i (E) (d
†
i (E)). Ingoing
and outgoing carriers of the non-interacting dots are re-
lated by the single-particle scattering matrices; bi(E) =∑
j S
I
ij(E)aj(E) and di(E) =
∑
j S
II
ij(E)cj(E). We as-
sume a coupling between dots of the form λQˆIQˆII/e2.
Here λ is a coupling energy and QˆI/II are the total charge
operators on the dots.
The two-particle scattering matrix is the starting point
of this paper and we will therefore first summarize its
properties. Although the derivation in Ref. [1] is for
single-channel leads, it is straightforward to extend it
and to show that the final result is also valid for the
multi-channel leads considered in this paper. Incoming
and outgoing two-particle states are related via the two-
particle scattering matrix δS,
bi(E1)dj(E2) =
∑
kl
[SIik(E1)S
II
jl(E2)ak(E1)cl(E2)+∫
dǫδSik,jl(E1, E2, E1 + ǫ, E2 − ǫ)ak(E1 + ǫ)cl(E2 − ǫ)].
(1)
The first part of this equation describes the scattering
in the non-interacting dots and the second part captures
the effects of the interaction. While the total energy of
the particles is conserved in the scattering process, there
can be an exchange of energy ǫ. Up to first order in
the coupling energy λ, the two-particle scattering matrix
depends on the non-interacting scattering matrices via
the relation
δS(E1, E2, E3, E4) =− 2πiλSI(E1)N I(E1, E3)⊗
SII(E2)N II(E2, E4). (2)
In this notation the close connection with the density of
states matrix [36, 37]
N I(E,E′) = SI†(E)S
I(E)− SI(E′)
2πi(E − E′) , (3)
is apparent. The diagonal element Nii of this matrix is
the part of the density of states associated with incom-
3ing carriers from channel i. Charge fluctuations of non-
interacting dots at frequency E−E′ can be described by
its off-diagonal elements. In the limit E → E′ it reduces
to the famous Wigner-Smith delay time matrix [38, 39].
For later use we also give the definition of the closely
related charge fluctuation operator,
Nˆ I(ǫ) =
∫
dE
∑
ij
N Iij(E + ǫ, E)a†i (E + ǫ)aj(E). (4)
The density of states matrix and charge fluctuation op-
erator for dot II can be defined in an equivalent manner.
II. OUTGOING WAVE FUNCTION
As already mentioned in the introduction the in-
coming state in a transport experiment is not a two-
particle state but contains many particles. The incoming
multi-particle state will scatter into an outgoing multi-
particle state. The relation between multi-particle and
two-particle scattering for non-relativistic particles in a
two-particle potential has been addressed in Ref. [40],
where multi-particle scattering amplitudes are expressed
in terms of the two-particle scattering matrix. In first or-
der in the interaction, only the terms with two particles
interacting, while the other particles are unaffected by
the interaction, survive (the so-called disconnected dia-
grams). We will use this result to determine the outgoing
wave function.
Our approach has many elements in common with the
redefinition of the vacuum [41, 42] used in the context
of quasi particle entanglement, but in contrast to these
works we do not assume that we are in the tunneling
limit. At zero temperature the wave function of the leads
in terms of incoming operators a† and c† is given by
|ψ〉 =
N I∏
m=1
EF+eV
I
m∏
E=EIm+eV
I
m
a†m(E)|0〉⊗
N II∏
n=1
EF+eV
II
n∏
E=EIIn+eV
II
n
c†n(E)|0〉.
(5)
We assume equal Fermi energies EF in all leads, while
V I/IIm =
{
V
I/II
L for 1 ≤ m ≤ N I/IIL ,
V
I/II
R else,
(6)
is the bias voltage and E
I/II
m the channel threshold in
channel m of dot I/II. We can rewrite the wave function
in terms of the outgoing b† and d† operators as
|ψout〉 = |ψIψII〉+ |δψ〉. (7)
The first part is the non-interacting outgoing state,
|ψI/II〉 =
N I/II∏
m=1
EF+eV
I/II
m∏
E=E
I/II
m +eV
I/II
m
φI/IIm (E)|0〉, (8)
φIk(E) =
∑
j
SIjk(E)b
†
j(E), φ
II
k (E) =
∑
j
SIIjk(E)d
†
j(E).
(9)
The interacting part is given by
|δψ〉 =
∑
ij
∫
dE1dE2|δψiE1,jE2〉. (10)
We have defined |δψiE1,jE2〉 to be the change in outgoing
wave function if an incoming particle with energy E1 in
channel i of dot I interacts with an incoming particle
with energy E2 in channel j of dot II, while all the other
particles are unaffected. Eq. (10) expresses the fact that
the outgoing state is a combination of all possible two-
particle processes.
Let us proceed to calculate |δψiE1,jE2〉. We write
|δψiE1,jE2〉 =
∫
dǫ
∑
k,l
δSki,lj(E1 + ǫ, E2 − ǫ, E1, E2)
|ψ′Ik,E1+ǫ〉 ⊗ |ψ
′
II
l,E2−ǫ〉. (11)
The state |ψ′Ik,E1+ǫ〉 consists, like |ψI〉 defined in Eq. (8),
of a product (over energy E and channel index m) of
creation operators φIm(E) ≡
∑
j S
I
jm(E)b
†
j(E). In fact
it is almost equal to |ψI〉, except for one term in the
product; one should make the substitution φIk(E1) →
b†k(E1 + ǫ). We can therefore write
|ψ′Ik,E1+ǫ〉 =
φI1(eV
I
L) . . . b
†
k(E1 + ǫ) . . . φ
I
N I(EF + eV
I
R)|0〉.
(12)
Similarly, |ψ′IIl,E2−ǫ〉 is almost equal to |ψII〉, except for
the term φIIl (E2) and therefore
|ψ′IIl,E2−ǫ〉 =
φII1 (eV
II
L ) . . . d
†
l (E2 − ǫ) . . . φIIN II(EF + eV IIR )|0〉.
(13)
So in this notation the incoming particles in channels i
and j have scattered into channels k and l exchanging
an energy ǫ. The amplitude of this process is given by
δSki,lj(E1 + ǫ, E2 − ǫ, E1, E2). The summation over all
possible outgoing channels and energies is necessary to
capture all possible scattering events.
We use the fact that φI†i (E1)φ
I
i(E1)|0〉 = |0〉 and we in-
sert φI†i (E1)φ
I
i(E1) in front of the first |0〉 in Eq. (11). Us-
ing the Fermionic anti-commutation rules, one can easily
show that φI†i (E2)φ
I
i(E2) commutes with φ
I
j(E) for i 6= j,
while b†k(E1 + ǫ)φ
I†
i (E1) commutes with φ
I
j(E) for i 6= j
or E1 6= E. Using these properties we can reorder our
operators. Similarly we insert φII†j (E1)φ
II
j (E1) in front of
4the second |0〉 in Eq. (11) and after reordering we find
|δψiE1,jE2〉 =
∫
dǫ
∑
k,l
δSki,lj(E1 + ǫ, E2 − ǫ, E1, E2)
b†k(E1 + ǫ)φ
I†
i (E1)d
†
l (E2 − ǫ)φII†j (E2) |ψIψII〉
= −2πiλ
∫
dǫ
∑
kl
N Iki(E1 + ǫ, E1)N IIlj (E2 − ǫ, E2)
a†k(E1 + ǫ)ai(E1)c
†
l (E2 − ǫ)cj(E2)|ψIψII〉.
(14)
To obtain the last equality we have used Eqs. (2) and
(9) and the single-particle scattering matrices to rewrite
everything in terms of ingoing operators a† and c† (this is
allowed because we are only interested in terms linear in
the interaction). Combining Eqs. (10) and (14) we find
|δψ〉 = −2πiλ
∫
dǫNˆ I(ǫ)Nˆ II(−ǫ)|ψIψII〉. (15)
To summarize this section, we have written the inter-
acting part of the outgoing wave function as the charge
fluctuation operators of the two dots, defined in Eq. (4),
multiplying the non-interacting wave function |ψIψII〉.
III. CROSS-CORRELATION
Having determined the wave function we are ready to
calculate expectation values. We are interested in an
expectation value of the form AˆIBˆII. Here operator AˆI
is a function of outgoing operators b† and b, while BˆII
depends on operators d†, d. The change in expectation
value due to the interaction is given by
〈AˆIBˆII〉−〈AˆI〉NI〈BˆII〉NI = 〈ψIIψI|AˆIBˆII|δψ〉+H.C.
=− 2πiλ
∫
dǫ
(
〈AˆINˆ I(ǫ)〉NI〈BˆIINˆ II(−ǫ)〉NI
−〈Nˆ I(ǫ)AˆI〉NI〈Nˆ II(−ǫ)BˆII〉NI
)
. (16)
The subscript NI stands for non-interacting, hence
〈AI〉NI = 〈ψI|AI|ψI〉 and 〈BII〉NI = 〈ψII|BII|ψII〉, with
|ψI/II〉 the non-interacting wave functions of Eq. (8). We
have written the expectation value of a certain operator
AˆIBˆII with respect to the interacting wave function as
the expectation value of a new operator with respect to
the non-interacting wave function. If we choose AˆI = 1 I
and BˆII = 1 II we find that the interaction has no effect,
i.e. the norm of the wave function is conserved up to
linear order in λ, due to the unitarity of the two-particle
scattering matrix.
In this paper we are interested in cross-correlations,
i.e. one has to substract the product 〈AˆI〉〈BˆII〉. The
expectation value 〈AˆI〉 can also be calculated with the
help of Eq. (16), by taking the operator of the second
system to be the unity operator 1 II. We find
〈δAˆIδBˆII〉 ≡ 〈AˆIBˆII〉 − 〈AˆI〉〈BˆII〉
= πiλ
∫
dǫ
(
〈[Nˆ I(ǫ), δAˆI]〉NI〈{Nˆ II(−ǫ), δBˆII}〉NI+
〈{Nˆ I(ǫ), δAˆI}〉NI〈[Nˆ II(−ǫ), δBˆII]〉NI
)
. (17)
We have defined δAˆI = AˆI − 〈AˆI〉, δBˆII = BˆII − 〈BˆII〉.
Eq. (17) shows that to calculate correlations, one has to
calculate the commutator [, ] and anti-commutator {, } of
the operator of interest and the charge fluctuation oper-
ator.
To summarize, we have calculated expectation values
of non-interacting operators with respect to an interact-
ing wave function. The final result Eq. (17) however
contains operators modified by the interaction and non-
interacting wave functions. This suggests that the effects
of the interaction can be completely incorporated into
the operators. We define the effective operators
AˆIeff = Aˆ
I + λ
∫
dǫ〈[2πiNˆ I(ǫ), AˆI]〉NI Nˆ II(−ǫ). (18)
BˆIIeff = Bˆ
II + λ
∫
dǫ〈[2πiNˆ II(−ǫ), BˆII]〉NI Nˆ I(ǫ). (19)
The first part of these equations is just the non-
interacting operator while the second part describes the
effect of the interaction. These effective operators give
exactly the same result as Eq. (17), when evaluated with
respect to the non-interacting wave function, i.e.
1
2
〈δAˆIeffδBˆIIeff + δBˆIIeffδAˆIeff〉NI = 〈δAˆIδBˆII〉. (20)
We have again defined δAˆI
eff
= AˆI
eff
− 〈AˆI
eff
〉. The ex-
istence of cross-correlations can now be understood in
the following way. Due to the interaction, an operator
on dot I depends on the charge fluctuation operator on
dot II and vice-versa. If the charge fluctuations on dot II
are correlated with the fluctuations in the non-interacting
operator BˆII, or if the charge fluctuations in system I cor-
relate with fluctuations in AˆI, we find a cross-correlation
(in linear order in λ). In the next few paragraphs we will
consider current cross-correlations and we will find that
the effective operators are very convenient to express the
cross-correlation and directly point to the origin of the
correlations.
5IV. ZERO-FREQUENCY CURRENT
CROSS-CORRELATION
The current operator in the left lead of dot I is given
by [43]
IˆIL(ω) ≡ IˆI,in(ω)− IˆI,out(ω), (21)
IˆI,inL (ω) = e
N IL∑
i=1
∫
dE a†i (E + h¯ω)ai(E), (22)
IˆI,outL (ω) = e
N IL∑
i=1
∫
dE b†i (E + h¯ω)bi(E). (23)
In an equivalent way a current can be defined for the sec-
ond dot. We are interested in the zero-frequency current
cross-correlation [43]
PI1I2(ω)2πδ(ω+ω
′) = 〈δIˆIL(ω)δIˆIIL (ω′)+δIˆIIL (ω′)δIˆIL(ω)〉.
(24)
Eqs. (17) and (18) describe cross-correlations of out-
going operators only and can be used to calculate
the cross-correlation between outgoing currents. Since
a†l (E)al(E)|ψ〉 = 〈a†l (E)al(E)〉|ψ〉 (cf. to Eq. (5)), IˆI,in
will not contribute to the cross-correlations, the same is
true for the incoming current on dot II.
We calculate the effective operators of Eq. (18) with
AˆI = IˆI,out(ω) and BˆII = IˆII,out(ω′). We will need the
commutator
〈[Nˆ I(ǫ), IˆI,outL (ω)]〉NI =− V Iδ(h¯ω − ǫ)
GI(EF + h¯ω)−GI(EF )
ih¯ω
, (25)
where GI(EF ) =
e2
2πh¯Tr[S
I†
RL(EF )S
I
RL(EF )] is the non-
interacting conductance [43]. The element SIRL is the
block of the scattering matrix connecting channels in the
right and left lead. We find effective current operators
IˆI,outL,eff (ω) =〈IˆI,outL (ω)〉NI + δIˆI,outL (ω)− 2πλV I×
GI(EF + h¯ω)−GI(EF )
h¯ω
Nˆ II(−h¯ω), (26)
IˆII,outL,eff (ω
′) =〈IˆII,outL (ω′)〉NI + δIˆII,outL (ω′)− 2πλV II×
GII(EF + h¯ω
′)−GII(EF )
h¯ω′
Nˆ I(−h¯ω′). (27)
These expressions for the effective current operator are
very intuitive: due to the interaction a fluctuation in
the number of charges on dot I (II) causes a fluctuating
potential energy for charges entering the other dot pro-
portional to λNˆ I (λNˆ II) and if the conductance is energy
dependent a charge fluctuation on one dot will lead to a
current fluctuation on the other dot.
The cross-correlation linear in λ is due to the corre-
lation of the charge fluctuations and the non-interacting
current fluctuation,
PI1I2(ω)δ(ω + ω
′) =
1
2π
〈{δIˆI,out
eff
(ω), δIˆII,out
eff
(ω′)}〉NI =
λV II
GII(EF + h¯ω
′)−GII(EF )
−h¯ω′ ×
〈{Nˆ I(−h¯ω′), δIˆI,outL (ω)}〉NI
+ λV I
GI(EF + h¯ω)−GI(EF )
−h¯ω ×
〈{Nˆ II(−h¯ω), δIˆII,outL (ω′)}〉NI. (28)
We calculate
〈{Nˆ I(−h¯ω′), δIˆI,out(ω)}〉NI = − e
h¯
δ(ω + ω′)
N IL∑
i=1
N
I∑
j
N
I∑
k
∫
dE
[
SIij(E − h¯ω′)N Ijk(E − h¯ω′, E)SI†ik(E)
]
(
f Ij(E − h¯ω′)(1− f Ik(E)) + f Ik(E)(1 − f Ij(E − h¯ω′)
)
.
(29)
Here f Ii = limT→0
[
(1 + exp[(E − EF − eV I|i )/kBT ])−1
]
is the zero temperature Fermi-function at mode i of dot
I.
Combining Eqs. (28) and (29) we can write the zero-
frequency current cross-correlation in terms of the non-
interacting scattering matrices. Since we assume zero
temperature we have to evaluate all quantities at the
Fermi energy and we suppress the energy arguments. We
find
PI1I2(0) ≡ PI1I2 =
λe2
2h¯
(
∂GI
∂EF
V ITr[SIILLN
II
LRS
II†
LR + S
II
LRN
II
RLS
II†
LL]|V II|
+
∂GII
∂EF
V IITr[SILLN
I
LRS
I†
LR + S
I
LRN
I
RLS
I†
LL]|V I|
)
. (30)
V. CHAOTIC QUANTUM DOTS
While the previous derivation is valid for any type
of scatterer, we will now assume specific systems: two
chaotic quantum dots. We use Random Matrix The-
ory (RMT) to calculate mesoscopic averages [44, 45]
by integrating the scattering matrices over the Circular
Unitary Ensemble (CUE). To distinguish the ensemble
average from the expectation values, we denote it by
〈〈. . .〉〉. The ensemble averaged quantities 〈〈∂G∂E 〉〉 and
〈〈Tr[SLLNLRS†LR + SLRNRLS†LL]〉〉 are both zero. The
cross-correlation will fluctuate from ensemble member to
ensemble member and can be either negative or positive
but is zero on average.
The behavior of PI1I2 is illustrated in Fig. 2. To im-
itate a real experiment we assume that the variation in
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FIG. 2: (color online) The current cross-correlation PI1I2 for
dots with scattering matrices SI(E+eV Ig ) and S
II(E+V IIg ) for
different gate voltages. The scattering matrices are calculated
from numerically generated M ×M random Hamiltonians (of
the Gaussian Unitary Ensemble) and Eq. (31). The value of
PI1I2 , in units of the root mean squared w of the fluctuations,
is represented by its color (gray scale), indicated by the scale
at the top. The gate voltage is in units of the Thouless energy
E
I/II
T . We chose N
I = N II = 8, N
I/II
L = N
I/II
R =
1
2
N I/II,
M = 200.
scattering matrices is due to a change in the gate volt-
ages V
I/II
g , which enter the scattering matrix via the en-
ergy argument; SI/II(E, V
I/II
g ) = SI/II(E + eV
I/II
g ). To
numerically evaluate scattering matrices at different en-
ergies, we start from two M ×M random Hamiltonians
HI, HII, with the distribution of the Gaussian Unitary
Ensemble (GUE). The scattering matrix at energy E is
related to the Hamiltonian via the relation [46]
SI/II(E) =1− 2πi×
W I/II
1
E −HI/II + iπW I/II†W I/IIW
I/II†.
(31)
HereW I/II is anN I/II×M matrix describing the coupling
between lead and dot. For ballistic leads the combination
W I/IIW I/II† has eigenvaluesMδI/II/π2, where δI/II is the
level spacing in the dot I/II. We assume non-zero matrix
elements W
I/II
ij = δij
√
MδI/II/π for i = 1 . . .N I/II. With
these definitions the cross-correlation of Eq. (30) can be
calculated for different gate voltages and the result is in-
dicated by the color (gray scale) in Fig. 2. We find fluctu-
ations that are smooth up to a scale set by the Thouless
energy of the open dot, E
I/II
T = N
I/IIδI/II/2π, suggesting
that two scattering matrices with different energies are
truly independent if the energy difference exceeds ET .
This is indeed a well-known property of mesoscopic sys-
tems [47]. The magnitude of the fluctuations is set by w
which we will proceed to calculate.
To determine the magnitude of the fluctuations we cal-
culate (in leading order in N = NL +NR)
〈〈
(
∂G
∂EF
)2
〉〉 =
(
e2
h¯δ
)2
2N2LN
2
R
N6
, (32)
〈〈Tr2[SLLNLRS†LR + SLRNRLS†LL]〉〉 =
2N2LN
2
R
N6δ2
, (33)
〈〈Tr[SLLNLRS†LR + SLRNRLS†LL]
∂G
∂EF
〉〉 = 0. (34)
We have suppressed the superscript I/II because the en-
semble averaged result is the same for both dots. Putting
everything together we find for the magnitude of the fluc-
tuations
w2 ≡ 〈〈P 2I1I2〉〉 =
(
λe4V IV II
h¯2δIδII
)2
2(N ILN
I
RN
II
LN
II
R )
2
(N IN II)6
.
(35)
The magnitude of the fluctuations decreases as
1/(N IN II)2 and is maximal for symmetric dots. A simi-
lar dependence of 1/N4 was found for the fluctuations of
the magnetic-field asymmetry of the nonlinear conduc-
tance of a mesoscopic conductor [48, 49].
In the experiment of Ref. [2] the zero-frequency cross-
correlation of two coupled quantum dots is also shown as
a function of gate voltages, similar to Fig. 2. The cross-
correlation can also be positive or negative, but does not
exhibit the random fluctuations illustrated in Fig. 2. In
contrast, planes with negative and positive sign are or-
dered in a checkerboard pattern. In the experiment the
leads have tunnel barriers and transport is predominantly
through one level in the quantum dot. The energy scale
of the interaction is not small with respect to the ap-
plied voltage and we can therefore not apply our theory
to that particular set-up. In this paper we have studied
the cross-correlation in another regime where we find a
different result.
VI. DISCUSSION AND CONCLUSION
We would like to comment on the validity of our ap-
proach. We have only considered two-particle interac-
tions between particles in different conductors and we
have neglected the intra-dot interactions. Since we are
interested in cross-correlations, this is certainly a good
approximation if both the inter-dot and intra-dot inter-
actions are small. In that case a perturbative approach in
both types of interactions is sufficient, and only the lead-
ing order result in inter-dot interactions will contribute
to the cross-correlations. However, the intradot interac-
tion is typically not small. To leading order in the inverse
number of channels [3], in the open quantum dots con-
sidered here, the interaction inside a dot is well described
7by a Hartree potential which can be incorporated into an
effective scattering matrix.
To conclude we have derived the multi-particle out-
going wave function for two weakly coupled conductors
and used it to calculate cross-correlations for transport
experiments. We have defined effective operators which
give the same result when evaluated with respect to the
non-interacting wave function. We have specifically fo-
cused on the zero-frequency current cross-correlation of
two chaotic quantum dots. This correlation fluctuates
from sample-to-sample and is zero on average. We have
quantified the magnitude of the fluctuations and verified
the behavior numerically. The increasing sensitivity of
noise measurements should bring a detailed investigation
of the current correlations discussed here within experi-
mental reach.
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